In this paper we investigate the restriction problem. More precisely, we give sufficient conditions for the failure of a set E in R n to have the p-restriction property. We also extend the concept of spectral synthesis to L p pR n q for sets of p-restriction when p ą 1. We use our results to show that there are p-values for which the unit sphere is a set of p-spectral synthesis in R n when n ě 3.
Introduction
Throughout this paper R will denote the real numbers and Z will denote the integers. Let p P r1, 8s and let n be a positive integer. Indicate by Lebesgue measure we can restrictf to E. The interesting question is canf be restricted to E when E has Lebesgue measure zero? This question is the heart of the restriction problem, which we will now describe. JpEq " tf P SpR n q |f | E " 0u,
and if E is a set of p-restriction define
This paper was inspired by the paper [5] where these spaces were investigated for the case when E is the unit sphere S n´1 in R n . Our first main result is: n`k ď p P R.
Thus R E does not have property RpE, p,when p ě 2n n`k and q ě 1. If E is a hypersurface, then the lower bound for p becomes 2n n`1 . We are able to improve this lower bound for hypersurfaces with the constant relative nullity condition, which we now define. Let U be an open set in R n´1 and let F " tpx, ϕpxqq | x P Uu be a smooth hypersurface in R n . If the Hessian matrix
f ϕ has constant rank n´1´ν on U, where 0 ď ν ď n´1, then we say that ϕ has constant relative nullity ν. A smooth hypersurface E of R n is said to have constant relative nullity ν if every localization F of E has constant relative nullity ν. If ν " n´1, then E is a hyperplane. It is known that hyperplanes are sets of p-restriction only if p " 1. Thus we will only consider hypersurfaces with 0 ď ν ď n´2. Note that ν " 0 for S n´1 .
Theorem 1.2. Let 2 ď n P Z and let E be a smooth compact hypersurface in R n with constant relative nullity
Let f P L p pR n q and let y P R n . The translate of f by y, which we write as fy, is the function fypxq " f px´yq,
n q spanned by f and its translates. The
Zpf q " tξ P R n |f pξ q " 0u.
In Section 3 we will see that if Zpf q is a set of p-restriction,
We will now briefly review the concept of spectral synthesis in
n q and define the zero set of I by
Let E be a closed set in R n , then I 1 pEq is a closed ideal in L 1 pR n q with zero set E. In fact, I 1 pEq is the largest closed ideal in L 1 pR n q whose zero set is E. Now let kpEq " tf P SpR n q |f " 0 on a neighborhood of Eu. 
It is known that S
1 is a set of spectral synthesis in R 2 [8] , but S n´1 is not a set of spectral synthesis in R n for n ě 3 [7, Chapter 7.3] . We will use Theorem 1.3 to show that there are p-values where S n´1 is a set of p-spectral synthesis when n ě 3. This paper is organized as follows: In Section 2 we give some background and results that will be needed for this paper. In Section 3 we will prove Theorems 1.1 and 1.2 by linking them to the problem of determining when T p rf s is dense in L p pR n q for f P SpR n q withf " 0 on E. In Section 4 we prove Theorem 1.3, and use the theorem to show that there are p-values for which the unit sphere S n´1 is a set of p-spectral synthesis in R n for n ě 3.
Preliminaries
In this section we will give some results that will be used in the sequel. The convolution of two measurable functions f and g on R n is defined by f˚gpxq "
Sometimes we will write xf , ϕy in place of T ϕ pf q. For closed subspaces X in L p pR n q, Proof.
It follows from the translation invariance of X that f˚ϕ " 0 for all f P X if and only if ϕ P AnnpXq.
The following proposition will not be used in the paper, but we record it here for its independent interest. 
where f P SpR n q. Since elements of L p pR n q are temperate distributions, we can define the Fourier transform
n q in the distributional sense when p ą 2. For the rest of this paper, distribution will mean temperate distribution. We shall write supppψq to indicate the support of ψ, where depending on the context, ψ is a function, measure, or distribution.
We conclude this section with a result that will be needed later. Denote by h the smooth function obtained by multiplying g by a smooth function that equals one on B 1 and zero on R n zB. Set F " h`s where s P SpR n q that is zero on B 1 and positive on R n zB 1 , where B 1 is the closure of B 1 . Thus F P SpR n q and can be expressed as p f for some f P SpR n q. The proof of the proposition is now complete since F´1p0q " E.
Proofs of Theorems 1.1 and 1.2
Let E be a compact set in R n with induced measure dσ. Suppose E has the p-restriction property. This is equivalent to the existence of a constant C that depends on p and n and satisfies The following corollary to Proposition 3.2, which is crucial for the proofs of Theorems 1.1 and 1.2, gives a useful criterion in terms of T p rf s to determine when E is not a set of p-restriction.
p-spectral synthesis and the unit sphere
We mentioned in the Introduction that for n ě 3, S n´1 is not a set of spectral synthesis. 
